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Abstract 

We consider a problem of equivalence of generic pairs (X, V) on a manifold 
M, where V is a distribution of rank m and X is a distribution of rank one. 
We construct a canonical bundle with a canonical frame. We prove that two 
pairs are equivalent if and only if the corresponding frames are diffeomorphic. 

As a particular case, with V integrable, we provide a new solution to the 
problem of contact equivalence of systems of m ordinary differential equations: 
x (k+i) _ X}X ' jmmm t x^), where k > 2 or k = 2 and m > 1. 

Keywords: contact equivalence, ordinary differential equations, distributions, 
canonical frame, Cartan connection 
MSC: 53A55, 34A26 

1 Introduction 

Let (F) be a system of m ordinary differential equations given in the form 

x (k+i) =F(t,a;,a; / ,...,x (fc) ), 

where x £ IR m and F: R 1 +( fc + 1 ) m — > R m . We consider equivalence problem up 
to the action of the group of contact transformations (or point transformations if 
k — 1 and m — 1). This problem was analysed by many authors. It was essentially 
solved by E. J. Wilczynski [15] in the linear case (see also Se-ashi [H] for modern 
approach). Recently, B. Doubrov [3|,[1] extended Wilczynski invariants to the case of 
non-linear equations. He also characterized equations which are contact equivalent 
to the trivial one: x^ k+1 ^ = 0. Moreover, it is proved in the paper of B. Doubrov, 
B. Komarkov and T. Morimoto [3] that any system (F) defines Cartan connection on 
a certain bundle over the space of fc-jets and the problem of equivalence of equations 
is reduced to the problem of equivalence of Cartan connections. 

Much is known about systems of low order. The problem was completely solved 
by E. Cartan in the case of one equation of second order, i.e. k — 1, m = 1. Systems 
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of second order were analysed by M. Fels [7] and D. Grossman [9j. S-S. Chern [2] 
considered equations of order 3 and solved the equivalence problem via E. Cartan 
method. He also found a class of equations which induce a conformal metric on the 
space of solutions. The class is characterized by the condition that all Wilczynski 
invariants vanish (so called Wuenschmann condition). A similar result was obtained 
by R. Bryant pQ in the order 4 case. Conformal structures associated to equations 
of arbitrary order were found by M. Dunajski and P. Tod [6] (see also [TT]). 

The results of paper [5] base on the observation that all contact information about 
(F) is contained in the pair (X, V), where X and V are two integrable distributions 
such that C k = X © V is a canonical contact distribution on the space J k of fc-jets. 
To be more precise V is a vertical distribution tangent to the fibres of the projection 
jk _^ jk-i an j x is a, line field spanned by the total derivative: 



It is proved in fpj that contact graded Lie algebra (i.e. symbol algebra of distribu- 
tion C k ) together with the additional structure defined by the pair (X, V) fulfils all 
assumptions of the general theorem of Morimoto [32] and thus an arbitrary system 
(F) defines, in a functorial way, a Cartan connection on a certain bundle. 

In the present paper we give a different solution to the problem of contact equiv- 
alence of systems of ODEs. We assume that k > 2 or k = 2 and m > 1. Our 
starting point is also the pair (X,V). However we consider more general problem 
and in particular we drop the assumption that V is integrable. This assumption was 
crucial in [5J since it was important that the direct sum V © X has a fixed symbol 
algebra and due to this fact the general theory of graded Lie algebras was applied. 
In our approach the distribution V can be a priori arbitrary. Instead of integra- 
bility we impose additional conditions on the Lie brackets of sections of X and V. 
Namely, we assume that the growth of dimensions of distributions ad^>V is maximal 
possible. In this way we define a class of regular pairs (X,V). This class is clearly 
generic in a sense that a small perturbation of a given pair (X, V) is a regular pair. 
The set of all regular pairs contains as a subset the set of pairs which come from 
the differential equations (we say that (X,V) is of equation type). In next section 
we characterise pairs of equation type. It appears that they satisfies two additional 
strong conditions. 

The main result of the paper is the solution of the problem of equivalence of 
regular pairs. For any (X, V) which is regular we construct the canonical bundle with 
the canonical frame and the problem of equivalence is reduced to the equivalence 
of such frames. As a by-product we obtain also a new solution to the problem of 
equivalence of systems of ODEs. It also appears that in this case our canonical 
frame in fact defines a Cartan connection. The main theorem is as follows: 

Theorem 1.1 Let M be a manifold of dimension n = mk + m + 1, where k > 2 
or k = 2 and m > 1. For any regular pair (X,V) on M such that rkV = m, 
there exists a canonical principal PGL(2)o © GL(m)-bundle B(X, V) over M which 
possesses a canonical frame. Two pairs (X, V) and (y, W) are equivalent if and 
only if the corresponding frames are diffeomorphic. The symmetry group of (X, V) 



fe— 1 m 



m 
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is at most (n + m 2 + 2) -dimensional and it has maximal dimension if and only if 
(X, V) is locally of equation type and the corresponding system of equations is trivial: 

x (k + l) = Q 

The group PGL(2)o is the group of real Mobius transformations which preserve a 
fixed point in the projective line. It is consisted of matrices: 



a b 




\ ) e GL(2). 



If t is a projective parameter on RP 1 , then the right action of PGL(2) o on t is 
defined in the following way: 

at 

t 



u + r 

so that is mapped to 0. 

We have already mentioned that the frame in the main theorem can be viewed 
as a Cartan connection (if (X, V) is of equation type). Indeed, we show in Section 5 
that the dual coframe defines Cartan connection of type (L,PGL(2)o © GL(m)), 
where L is a semi-direct product of SL(2) and the following affine-like Lie group: 

A=M W ^ +1 ° ^ G GL(m + A; + l) | V E R mx ^ k+1 \ G E GL(m) j , 

where SL(2) acts irreducibly on each R k+1 being the component of K mx ( fc+1 ). 

Let us stress that our main theorem holds for k > 2 or k = 2 and m > 1. The 
dimension of maximal symmetry group in the cases k = 1 or k = 2 and m = 1 do 
not fit the general scheme (m 2 + (k + l)m + 3) (see [Hi [71 [13]). For example the 
group of symmetries of the equation x'" = is 10-dimensional, as it is proved in [2]. 



2 Geometry of ODE 

Let us consider a system (F) of m ordinary differential equations of order k + 1: 

x (k+i) = F(t,x,a?,...,xW), 

where x E R m and F = (F 1 , . . . , F m ) is a function I n this section 

we will focus on a geometric description of (F) (we refer to [8] for the details). 

Recall that J k+1 (l,m) denotes the space of k + 1 jets of functions R — > M m . 
Let (t, x°, . . . , x k+1 ), where x % = (x\, . . . , x l m ) , be the standard coordinate system 
on J k+1 (l,m). The system (F) is equivalently defined by a certain corank m sub- 
manifold Ep C J fc+1 (l,m). Namely: 

-E_f = {(t, x°, . . . , x k+l ) E J k+1 (l, m) | x k+1 - F^t, x°, . . . , x k ) = 0, j = 1, . . . , m}. 

Note that the functions t,x°, . . . ,x k restricted to Ep can be considered as coordi- 
nates, since Ep projects regularly on the subspace {x k+1 = 0} C J fc+1 (l,m). In 
particular Ep and J k (l,m) are diffeomorphic in the canonical way. Let 

uj % - = dx* - x l 3 +1 dt, 
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i — 0, . . . , h, j — 1, . . . , m, denote contact 1-forms on the space of jets. 

Consider restrictions of cjj to Ep. We define X F as the intersection of all kero>*|E F 
for every i,j. Note that X F is rank-one distribution (line field) spanned by vector 
field X F , called total derivative. In the coordinates it takes the form: 

fc— 1 m m 

• v ' () > ■ 4 +1< % +Y, F i d *r 

i=0 j=l j=l 

Vertical distribution Vp on E F is defined as the kernel of the canonical projection 
E F — > J k ~ x (l,rn). In coordinates: 

V F = spanj^fc | j = 1, . . . , m}. 
In this way we assigned the pair: 

(Xp,V F ) 

to a given system (F) . Recall that contact distributions are defined as: 

C = p| ker u[ H . . . n ker u s m . 

s=0,...,i 

We get the following decomposition: 

C k = X F © V F 

A contact transformation is a mapping ^: J fc+1 (l,m) -> J fc+1 (l,m) such that 
\I / *(C fe ) = C k . We say that two equations (E) and (G) are contact equivalent if there 
exists a contact transformation such that ^\p F is a diffeomorphism of Ep onto E^. 

We have the following: 

Proposition 2.1 System (E) and (G) are equivalent if and only if there exists a 
diffeomorphism $: Ep — * Eg which transforms (Xp,V F ) onto (Xq, Vg)- 

Proof. See Theorem 1 [5]. The Proposition is a consequence of Lie-Backlund the- 
orem. □ 

Consider an arbitrary pair (X, V) on a manifold M, where V is rank m distribu- 
tion and X is a line field. Assume dimM = dim J k (l, m). We will see that not every 
pair (X, V) is equivalent to a pair defined by an equation. Therefore we introduce 
the following notion. 

Definition. Let X be a line field and V be a distribution on a manifold M. 
The pair (X, V) is of equation type if there exists a system (F) and a diffeomorphism 
$: M -»• £ F such that ®*(X) = X F and $*(V) = Vf- The pair (7f,V) is Zoca/Zy 
o/ equation type if for any x G M there exists a neighbourhood U 3 x such that 
(A'lu, V|c/) is of equation type. 
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For a given distribution W we denote by r(W) the set of all smooth sections of 
W. If X is a vector field then we denote by ad^W the distribution spanned by all 
Lie brackets [X, Y), where Y G T(W). Note that it may happen that ad^W is not 
of constant rank, even if W was. However we will assume that it is not the case. 
Locally, a distribution W of constant rank m can be written as: 

W = span{F 1 ,...,F m } 

for certain Yi, . . . , Y m G r(W). Any such tuple Y = (Yj., . . . , Y m ) will be called a 
local frame of W. 

Consider a pair (X,V), where X is a line field and V is a distribution of rank 
m. Let X G Y[X\ For a pair (X, V), we introduce a sequence of distributions 
C Vjf C . , , defined inductively as follows: 

y° = v, V+ 1 = ad x V x . 

We also define the distributions: 

v i = v x + X. 

It is clear that V 1 are independent on the choice of a nowhere-vanishing section X 
of X (our considerations will be local, therefore we can assume that such a section 
X exists). 

From K. Yamaguchi [16] we easily deduce the following characterisation of pairs 
(X, V) which are of equation type. 

Theorem 2.2 A pair (X, V), where rkV = m, on a manifold M of dimension n 
is locally of equation type if and only if there exists k G N such that the following 
conditions are satisfied 

(Gl ) rkV* = (i + l)m + 1, for i = 0, . . . , k, 

(G2) rkV fe = n, 

(G3) there exists an integrable W C V 1 of corank 1, for every i = 0, . . . , k, 
(G4) W° = V and W = Ch(V i+1 ), for i = 0, . . . , k - 1. 
In above the symbol Ch(VV) stands for the Cauchy characteristic of W, i.e. 

Ch(VV) = {Y G r(W) | adyW C W}. 

3 Normal Form 

Our main aim is to solve the local equivalence problem for systems (F). By Theo- 
rem [22] we can consider pairs (X,V) satisfying the conditions (G1)-(G4) instead of 
differential equations. However, in order to have a more general perspective we will 
not assume the integrability conditions (G3) and (G4). 
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Definition. A pair (X, V) is regular if conditions (Gl) and (G2) hold. 
Note that a generic pair (X, V) on R(k+iy m+ i ig re 

gular in a neighbourhood of 0. 

In the current section we will construct the canonical frames of X and V. The 
procedure is an implementation of the concept of Laguerre-Forsyth normal form 
of (F), which was already used by Wilczynski |15j . 

In the sequel we will use the matrix notation. For a tuple of vector fields V = 
(Vi, . . . , V m ) we will denote &d x V = (ad^Vi, . . . , adxV" m ). If G — (G!-)i,j=i,..., m is a 
GL(m)-matrix valued function, then we will write VG = ViG\, . . . , ^ ViG l m ). 
Note that from (Gl) and (G2) it follows that if V is a local frame of V and X is 
a no n- vanishing section of X then (X, V, adxV, . . . , ad x V) constitutes a local frame 
on the manifold M. The following lemma can be treated as a nonlinear version of 
the first step in the construction of the Laguerre-Forsyth normal form of (F) . 

Lemma 3.1 Let (X,V) be a regular pair. Then, for any non-vanishing section X 
of X , there exists a local frame V = (Vi,...,V m ) ofV, such that ad^ 4 " 1 ^ = 
mod V k ~ l for i = 1, . . . , m. 

Proof. Let W = (W\, . . . , W m ) be any local frame of V. We will find functions 
G = (Gl)i j=i m such that V = WG is the desired frame. In the matrix notation 
we have 

ad^+V = (ad^ +1 W0G + (k + l){a& k x W)X{G) mod V fc_1 . 
Assume that 

ad k x +1 W = (&d k x W)H mod V k ~\ 

for a certain H = (Hf )TTl . Since ad^V" = {a,d k x W)G mod V fc_1 , we obtain the 

following equation 

HG + (k + 1)X(G) = (1) 
It can be solved locally and, if G is a solution, then ad^ -1 ^ = mod V fc_1 . □ 

Definition. A local frame V = (Vi, . . . , V m ) of V is called a normal frame of 
(X, V) if zd^V = mod V* -1 . 

Lemma [3.11 implies that normal frames exist. They are solutions to the system 
(PQ) of first ODEs. Let V be a normal frame of a pair (X, V). Then there exist 
matrix valued functions Kq, . . . , Kk-\ defined by the equation: 

ad^+V + {zd k x l V)K k ^ + ■■■ + (adxV)^ + VK = 0. 

Note that by definition of normal frame there is no term of k-th order in the equation 
above. If W — VG is a different normal frame of (X, V) then X(G) = (see equation 
© with H = Q). Hence 

&d x W = (&d x V)G 

for every % and we see that: 

ad^ +1 H/ + (ad^ _1 W)^ fc _i + • • • + {&d x W)K Y + WK = 
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where: 

Ki = G~ x KiG. 
It follows that a pair (X, V) defines operators: 

V-V, 

which are vector bundle homorphisms. 

Remark. Let (F) be the geodesic equation 

m 

x" = - V r x' x' 

p,q=l 

on m dimensional manifold M, where F = (F l pq ) is an affine connection. Without 
lost of generality we may assume that T is symmetric, T pq = Y l qp . Consider the pair 
(X F , Vf). We can identify J x (l, m) ~ TM x K and then x° = (x?, . . . , a^J are co- 
ordinates on M whereas the corresponding linear coordinates 
on the tangent spaces. Let 

X F = d t + Y^ x %° s ~ V U x l x \ d ^s 

s s,p,q 

be the total derivative. Then K , defined by the pair (Xf, Vf), encodes the curvature 
tensor of T. Namely it can be proved that 

^0 = I Ripq X l X l J > 

\ P.9 / ij=l,...,m 

where R\ pq = d x o(r pq ) - d x o(T J ip ) + T{ r T r pq - T r ip Tl q . 



Remark. The general theory of pairs (X, V) is developed in [TOj . It appears 
that such pairs are very important in the theories of sprays, Veronese webs, affine 
control systems and ODEs with fixed time-scale. 

Unfortunately, the dependence of the operators Ki on the choice of a section 
X of X is not tensorial. However, certain special sections can be chosen. Indeed, 
the next lemma can be regarded as the second step in the nonlinear version of the 
construction of the Laguerre- Forsyth normal form of (F) . We will write Kf in order 
to distinguish operators corresponding to different sections X of line bundle X. 

Lemma 3.2 

txK^ 1 = ftvK^ 1 -mc k S x (f), 
where = —^k(k + l)(k + 2), and 

S x (f) = 2fX 2 (f)-X(ff. 
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Proof. Let V be normal frame for X, and VG be normal frame for fX. We 
compute directly: 

k 

ad k f +\VG) = (ad^ + V)/ fc+1 G + ^(ad^V)/ fc+1 - i X(fG) (2) 

i=0 

fc-1 k-l-i 

+ J2 {*tir 1 V)f k -+-SX(J* +1 X(J i G)) mod ad^~ 2 V, X . 

From normality of frames V and VG it follows Yli=o f k+1 ~ l X(f l G) = 0. Applying 
the Leibnitz rule and dividing over f k simplifies this equation to: 

fX(G) = - k -X{f)G. (3) 

Differentiating both sides with fX and replacing fX(G) with — ^X(f)G gives: 

fX\G) = (0 + ^ X{ff - k -fX\f)^ G. (4) 

Now, we can substitute ([3]) and (00) to equation (j2J) and find the exact formula for 
the coefficient next to ad^ -1 ^ in terms of /, G, X(f) and X 2 (f). In this way the 
lemma follows (see [11] for detailed computations). □ 



Remark. Operator S is called Schwartzian. It is justified by the following 
reasoning. Let 7: 1 1— > 7(i) be a trajectory of X. Then X(^) 07 = -^(g o 7) for any 
function g>: M — > R. Let us consider a reparametrization f s h y?(s), such that 
7 o is a trajectory of the vector field /X. Then /(7 o ip) = ip' and: 



S X (f)(lo ¥> ) 



2 ± tf.\ _ 2 



ds \<p' J \(p' 



= 2- 3, 

The last term is equal to the Schwartz derivative of ip. 

It is known that parameterizations corresponding to different solutions of Mobius 
equation S x (f) = are related by the formula: 

at + c 



bt + d 



where ( ^ ^ ^ G GL{2). Therefore, on each integral line of X there exists the 



canonical projective structure. 
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Definition. A section X of X is called a projective vector field of (X, V) if 
tr^ 1 = 0. 

Lemma 13.21 implies that the projective vector fields form a 2-parameter family 
on any integral curve of X. We get that the group 

PGL(2) ={(q \\ gGL(2)} 

acts on the set of all projective vector fields along an integral line of X freely and 
transitively. As a conclusion of the current section we summarise that if X is a 
projective vector field and V is a corresponding normal frame then 

ad^+V + (ad*rV)Kf_ l + ■■■ + (ad x V)K* + VK* = 0, 

where tr K-^_ x = 0. 

4 Canonical Frame 

We are now in the position to construct a canonical principal bundle for a regular 
pair (X, V) on a manifold M. Let x G M and let B(X ,V)(x) be the set consisting 
of pairs (x, v) where v is a linear basis of V(x) and x is a germ at x of a projective 
vector field along the integral line of X which passes through x. In fact, since 
projective vector fields are described by the second order ODE, a germ x depend 
only on the 1-jet at x of a section X G F(X). In particular B(X ,V)(x) is a finite 
dimensional manifold. We will denote by j°x the 0-jet of x & t x - It follows that j°x 
is a vector in X(x). We define 

B(X,V) = |J B(*,V)(aO. 

Clearly -B(A', V) is principal GL(m) © PGL(2)o-bundle over M, as follows from 
the previous section. We call it the canonical bundle of (X,V). The projection 
B(X, V) -»• M will be denoted by ir. 

On B(X, V) there are canonical fundamental vertical vector fields which come 
from the infinitesimal action of the structural group. Namely, vector fields Gj*, 
where s, t = 1, . . . , m come from the action of GL(m) and F° and F 1 come from the 
action of PGL(2) . We will abbreviate G = (G?) Sit= i,..., m and F = (F^F 1 ). If we 
choose a local horizontal section M 3 x i— > (x{x), v(x)) G B(X ,V)(x) then we can 
introduce local coordinates on fibres of B(X, V). Indeed, any point in B(X,V) can 
be represented as (x( x )i K^)) ' (F-> where x G M, G = (Gf) G GL(m) and 

F=( F Q ° F l \ G PGL(2) . 

In this coordinates: 

in 

G? q = Y, G{d G{ , F° = F d Fo , F 1 = F d Fl . 

3=1 
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Note that: 

G*(Gr p ) = G r q , F°(F ) = F Q , F 1 ^) = F , 

and there is no other nontrivial differentiation of functions G, Fq, F\ in the directions 
of G and F. The definition of G and F implies: 

Proposition 4.1 The following structural equations are satisfied: 

[G* Gf\ = 5?G s q - 5 s q Gl [G, F] = 0, [F°, F 1 ] = F 1 . (5) 

Our aim is to choose additional vector fields: X and V*-, i = 0,...,k, j = 
1, . . . , m, such that the tuple 

(G t ',F°,F\X,Vj,...,V* | s,t,j = l,...,m) 

constitutes a frame on B(X, V). We will briefly write V* = (V^, . . . , V^J. 
Vector field X is defined by the following lemma. 

Lemma 4.2 There is the unique vector field X on the canonical bundle B(X,V) 
such that if t t—> p(t) = (x(t), v(t)) is an integral curve o/X, then X(t) = j°x{t) = 
7r*(X(p(t)) is a projective vector field on M along t i— > 7r(p(t)), and V(t) = u(t) is a 
normal frame of (X, V) . 

Proof. Take an arbitrary projective vector field X and some corresponding normal 
frame V of V. Then, (X, V) defines a horizontal section T C B(X, V). We define X 
on T as the lift X|r = vr _1 (X). The construction is correct, since, by (CD) and 
X and V are uniquely determined along one integral curve of X by the system of 
ODEs and the initial condition. The initial condition is given by a point in B(X, V). 
In other words there is a partial connection on B(X, V) in the direction of the line 
field X. □ 



Lemma 4.3 Let X be a projective vector field and V be a normal frame of (X,V). 
In local coordinates on B(X, V) defined by X and V we have: 

X = - 2^F° - ^F 1 -k^Y G]. 

Fq Fq {FqY Fq^ 3 

j=i 

Proof. Let us assume that X = dt is a projective vector field, and consider the 
action of PGL(2) . Let 

at 

s = <p(t) 



bt + 1 

Then F o (0) = a and Fi(0) = b are coordinates on B(X, V) at points where t = s = 
and our aim is to check how F and F\ change when s = s ^ 0. We have 

t = cp-^s) 



a — bs 

Let to = ( / ,_1 ( s o)- We set s = s — sq and t = t — to- Then, by definition 

, _ F {s )i 
FAsq^+I 
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We compute 

( a-bs Q \ 7 

at a(t + t ) \ bt +i J 

S = S — Sq = Sq = 77^ : So = ~p x , 

W + l 6( i+io) + l 

where we use the simple formula ato — so — btoSo = 0. From above it follows that 



and if we express to m terms of sq we get 



(a - bs ) 2 b{a - bs ) 
F {s ) = , i*i(s ) = 



Therefore 

d , > , i d „ , . {FAs))' 

F (s) = -2Fi(s), ^(s) - 



ds ds F (s 

and additionally we have 



Hence 2 

X = - 2^ - ^-d Fl modd G . 

-TO -^0 

The coefficient next to da remains unknown. However form equation it follows 
that the evolution of G is given by the equation 

|<W = -&( s)Fois) ± (^) = -^W. 

We also have G p q d G v = ^\ Gj and this formula completes the proof. □ 

The choice of V* is more complicated since there is no connection on TM in the 
directions of V. Therefore we have to impose additional relations on V*. The first 
one is that at each point p — (x, v) £ B(X, V)(x) the relation: 

t.(VJ(p)) = V s (6) 

holds for every j — 1, . . . , m, where v = (Vi, . . . , V m ) is a basis of V(x). Vector fields 
V*- for % > 1 are defined by the relation: 

V) = ad^Vj, (7) 

where X is the canonical vector field defined in Lemma 14.21 and j = 1, . . . ,m. 
Conditions ([6]) and (|7j) define V* uniquely up to G and F. In order to normalise V° 
in the vertical directions let us define functions by the equations: 

lK Y l]=J2 C mi V r modX,G,F. 

l,r 
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We introduce the following conditions: 



for arbitrary p,q,r = 1, . . . , m, 



Cpql — 0, 



£ C = 0, (9) 
p=i 



for arbitrary q — 1, . . . , m, 



for arbitrary p = 1, . . . , m, 



9=1 

m 

£q5» = ' en) 

9=1 

for arbitrary p — 1, . . . , m. 

Condition (jSJ) will be responsible for the normalisation in the directions of G. 
Conditions @ and ffTUl) will be responsible for the normalisation in the directions 
of F° and F 1 in the case m > 1. Conditions ([9]) and ( ITTjl will be responsible for the 
normalisation in the directions of F° and F 1 in the case k > 2 and m — 1. Note that 
we use V 3 in (JTTJ). This is the point where k > 2 is necessary for our constructions. 

Remark. Assume that m — 1. Then V 1 = (V}) and by Jacobi identity we get 
[X, [V?, V}]] = [V?, Vj] - [V{,V\} = [V?, V?]. 

It follows that brackets [V°,Vj] and [V°,Vf] are related. This is the reason why 
we use [V°,Vf] instead of [V°, Vf] in the condition ( fTTT) . 



Theorem 4.4 Let (X, V) be a regular pair on a manifold M of dimension n = 
mk + m + 1, where rkV = m. If m > 1 and k > 1 then there exists the unique frame 
on B(X,V) satisfying conditions (loT)- (fTUl) . If m = 1 and k > 2 then there exists the 
unique frame on B(X, V) satisfying conditions (EI) -(JHJ) and ( TTTT) . Two pairs (X,V) 
and (y,W) are equivalent if and only if the corresponding frames on B(X, V) and 
B(y, VV) are diffeomorphic. The symmetry group of(X,V) is at most (n + m 2 + 2)- 
dimensional and it is has maximal dimension if and only if (X, V) is locally of 
equation type and the corresponding system of equations is trivial: x^ k+1 ^ = 0. The 
following structural equations are satisfied: 

(12) 

kJ^G]. 

j 



[G> X] = 0, 
[F°,X] = -X, 
[F\X] = -2F° - 
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Additionally, if (X, V) is of equation type then: 



[F°,V}] =-iVj, 

[F 1 , Vj] = i(i — 1 — k)Vj~ l . 



(13) 



Proof. The proof is divided into three parts. At the beginning we will construct 
canonical frame, then we will consider the most symmetric case and finally we will 
show that structural equations are satisfied. 

Construction of the canonical frame. Let us fix a projective vector field 
X and a normal frame V of V. Then V, adxV, . . . , ad^-V, X is a frame on M. The 
group GL(m) acts on V by multiplication. Assume that the condition (jSJ) holds. In 
local coordinates on B(X, V) we have: 



where j = l,...,m, (3j = (f3j t ) B ,t=i,...,m an d we use t ne abbreviation (@j,G) = 
tr(PjG) = YlTt=i Pitt's- Our ami is to find functions Pj,jjo,lji, such that the 
conditions (l8l)- (fT0l) (or (TTTj) ) are satisfied. If we do this then the condition (JTj) will 
define the canonical frame on B(X, V). 
We use Lemma H~31 and compute that: 



m 




+ <X(#),G> + fci-( 7il F -7ioi ? i)X; G 5 + 7io^X modF, 



We use here a simple fact that [G*, J2j ^]] = 0- The next Lie brackets immediately 
give: 




p 



mod V, ad x V, . . . , ad£ V, X, G, F, 



for z = 2, . . . , fc. More precisely we have: 




+ ^(FO'^adjcy + cJCFOV) modX,G,F, 



where c* are certain rational numbers (their exact values are not important for us). 
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and: 



By direct calculations we find that: 

lK V l] = ^G;G t q ± r (\y a ,adxV t ]-kF 1 \y.,V t ]) 

s,t ^ 

+ E fifty i^ x V r - kF 1 V r ) - MP s jGlV r 

s,r " s,r 

~ k E Tt(7pi^Fo - l P oG r q F i + lql G r p F - ^ftF,)^ 

— ^0 

r 

" J2(l P oG r q + lg0 G r p )^-ad x V r modX,G,F, 

r 

KK = E^(^(E c '( F 0'[K,ad^V t ] 

+ E^^ ad ^ 

s,r 

- 2j2l P oG r q -^- 2 zd x V r modV ) V 1 ) X ) G,F ) 



KX) = E^7^fE c '( F 0'[^,adrv t ] 

s,t \ °> \i=o 

s,r ^ ®' 

- 3j2lpoGlj^- 3 ^d x V r mod V°,V\V 2 ,X,G,F. 

Equivalently we can write: 

IKK] = ^G;G t q ±r(\y.,adxV t ]-kF 1 \y a ,V t ]) 

s,t ^° 
r 

+ E^ V r-7 P oVj- 7g oVj modX,G,F, 

r 

[ V ^ V S = E G ^(^(E c '( F 0'[^,ad|-V t ]j 

+ E^ V '" 2 ^ V ? modV°,V 1 ,X,G,F, 
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and: 



[VJ,VJ = 
+ 

Since vector fields ad J V^- together with X span the whole tangent bundle TM, we 
can express the Lie bracket [T^,ad^Vt] as a linear combination of ad^Vj and X. If 
we lift them to B(X, V), we can also write [V s , ad^Vt] = £V . c/ ti V* mod X, G, F, 
for some functions c l J ti on B(X, V). Then we are able to rewrite the conditions (jHJ)- 
( fTUI) in terms of unknown functions /3j s , 7^0 and 7,1 . We get the following system of 
equations: 

Ci(p,q,r), (14) 
C 2 (q), (15) 

C 3 (p), (16) 

where Ci, C2, C3 are certain functions on 5(A",V). If m — 1 and k > 2 the last 
equation is replaced by: 

E^- 3m ^o = C 4 (p). (17) 

Note that the equations are homogeneous of order one in G. They can be solved 
and the solution is unique. We proceed as follows. In the first step we find 7 P o using 
(fT4l) and (jTBT) or (|T7j) (depending whether m > 1 or m = 1). Namely, we substitute 
r = g in (1T41) . then we take the sum J2 q and subtract the result from (jTBT) or (1171) 
in order to eliminate 5^/3^. We get a system of equations for 7 p0 , which has the 
unique solution. In this way we get 7 p0 , which we substitute to ( TT4l) and we find 
(3 r pq . Finally, from (IT51) we get 7 gi . 

From the form of the equations we can deduce that /3* 7 r0 and 7 ri are homo- 
geneous of order one in G s t . 

Now we can also see why we need the condition (fTTl) which involves V 3 in the 
case m = 1. In this case the left hand sides of ( TT41) and ( |T6i) coincide and thus we 
can not use ( jTUl) (compare Remark which precedes the theorem). 

Uniqueness of the model with maximal symmetry group. If the di- 
mension of the symmetry group of {X,V) is maximal, equal dimB(X, V), then all 
structural functions of the canonical frame have to be constant. At the beginning 
we use Lemma 14.31 and directly compute: 

[F°,X] = -X, [F 1 , X] = — 2F° — k ^ G j j. 

j 

We also find that: 

[G* X]=0. 



s,t ^ °> \l=0 , 

^/3; 9 V T 3 -3 7p0 V 3 modV.VW^^G.F. 



X)X(/%)- Km +1)7,1 
v 
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In particular we proved (|T2l) . 

Note that if a certain non- vanishing structural function is constant then it has to 
be homogeneous of order in any coordinate. In our case the functions (3j,Jjo,lji 
are homogeneous of order one in G = (G*). This implies that also vector fields V*- 
are homogeneous of order one in G. On the other hand X, F, G are homogeneous 
of order in G. Therefore, in the most symmetric case, we get that [G^, V*] = 
mod V. Precisely we have: 

[G ^,v}] = ^v;, 

as can be easily seen from the formula for V* . The same argument applies to [F° , V°] 
and [F 1 , V ]. We have: 

[F°,V°] = [F 1 , V°] = 0. 

If [F°,V°] = [F 1 , V°] = then also structural functions of brackets [F°,V*] and 
[F^V 1 ] are constant. They can be computed using Jacobi identity and equation 
(E]). By homogeneity argument we also get: 

[V\V l ] = 0. 

By definition: 

[X,V*] = V m , 

for i — 0, . . . , k — 1 and there remains the last bracket [X, V fc ] to find. We have: 

[X,V fc ] = Wo V° + --- + w k V k , 

for some u>j. We claim that all Wi are polynomial of order k + 1 — i in Fq. Indeed 
in local coordinates on B(X,V) the vector fields V 1 are homogeneous of order — % 
in F . Additionally we see that [X, V fc ] is of order —{k + 1). Thus Wi has to be of 
order k + 1 — i. As a conclusion we get that all Wi vanish provided that they are 
constant. In this way we have proved uniqueness of the most symmetric model of 
pairs (X, V). Therefore it has to be locally equivalent to the pair corresponding to 
the trivial system = 0. 

Structural equations. We have already proved that equations fTT2]) are satis- 
fied. We will show now ffTSj) . We easily compute in coordinates that: 

[Gv V ,°] = W + E P SsGt + Q P qj F° + i%F l , (18) 

s,t 

[F°, V°] = P Js GS t + Q° F ° + R j Fl > 

s,t 

[f\ v°] = p }s GS t + Q) F ° + Rl i F ^ 

s,t 

for some coefficients P, Q and R. The Jacobi identity applied to [X, [F°, V*]] and 
[X, [F\ V}]] gives the formulae for [F°, V} +1 ] and [F 1 , Vj +1 ]. Indeed, by induction 
we prove (we use (J7J) and (|T2l) ): 

S^\\ modX,G,F, (19) 
-iY) mod X, G, F, 
i(i - 1 - k) \)r l mod X, G, F. 



[G* V}] = 
[F°,V}] = 
[F\V)] = 
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Moreover, if P = Q = R = then ( fT3l) hold for every i. Therefore in order to finish 
the prove we only have to show that the vertical components vanish in ffT8]) . 
Let us notice that if (X, V) is of equation type then: 

[Vj,Vj]=0 modX 1 G,F,V ,... 1 V ! 1 (20) 

i.e. there is no component next to V z for I > i. This is a consequence of condition 
(G4), since if (G4) holds then projection of V° to the base manifold is contained in 
the Cauchy characteristic of any distribution V*. Moreover, if (X, V) is of equation 
type then condition ([H]) implies: 

[V°,VJ] = modX,G,F. (21) 

If not then Jacobi identity applied to [X, [V°, V°]] would contradicts §8$). 
Now, we can consider all expressions of the following type: 

[G$, [V°, Vj, [F°, [V°, V*J], [F\ [V°, Vj, 

where i = 1, 2 when m>lori = l,3 when m = 1. If we apply, once again, Jacobi 
identity and take into account conditions (l8l)-( fT0l) (or ( fill ) we obtain a system of 
linear equations for functions P, Q and R. If ( 1201) and ( 12T1) hold then the unique 
solution has the form P = Q = R = 0. □ 

Remark. Our main Theorem 11.11 is a simplified version of Theorem 14.41 



5 Cartan Connection 

Assume that L is a Lie group and Lq is a closed Lie subgroup of L. Denote by [ and 
to the corresponding Lie algebras. Let M be a manifold of dimension n = dim L/Lq 
and P be a principal bundle over M with group L . We say that one- form Co on P 
with values in [ is Cartan connection of type (L, L ) if 

1. uj(1*) = I for every / G to, where I* is a fundamental vector field on P defined 
by/, 

2. (R H )*u = Ad H -iu for every if G L , where Ad H ~i is the adjoint action of 
H- 1 on [, 

3. Co: T X P — > [ is an isomorphism for every x G P. 

In our situation B{X 1 V) is principal GL © PGLo(m)-bundle. Therefore Lo = 
GL © PGLo(m) and we want to find L. Let us denote 

H = 2F° + A;^G^ Y = F 1 , 

j 

and 

W i = -V*. 
J z! 3 
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Proposition 5.1 Let (X ,V) be a regular pair. The following structural equations 
are satisfied: 

[X,Y] = H, [H,X] = -2X, [H,Y] = 2Y, (22) 
[G,X] = 0, [G,Y]=0, [G,H] = 0. 
Additionally, if (X, V) is of equation type then: 

[X, W}] = (i + 1)W} +1 , [Y, W*-] = —(k — i+ l)Wf\ [H, Wj] = -2iWj, 

[G^,W}]=^W;. (23) 

Proof. Follows directly from the structural equations (J5J, (IT2~|) . ffTB"]) and definitions 
of H, Y and W}. □ 

Let 

(a, p, 7, 91, . . . , 9{, J s | j,s,t = l,...,m), 
be the coframe on B(X , V) dual to the frame 

(H,Y,X,V°,...,V*,G t s \j,s,t = l,...,m). 

Let us briefly write 

6i = [9],. . ., 0™)*, 9 = (6> , ...9k), v = (a»*) s ,t=i,..., m , 
and introduce 

/ 

u is a 1-form with values in the Lie algebra 

a=|^° ° J g g[(m + Jfe + l) I «6l mx(w) l9 eg[(m; 

of the following Lie group of matrices 

A = |^ W ^ +1 ° J G GL(m + fc + l) I KGM mx(fc+1) ,G'G GL(m)J. 

One can treat A as an "extended" affine group. gl(m) is a Lie sub-algebra of a. 
Let us also introduce the form 

fa (3 

V = 

\ 7 -a 

with values in Lie algebra sl(2). Note that pgl(2) can be embedded into sl(2) in 
the following way: 

M«2)o = {(| a 4) I Me 

Theorem 5.2 Assume that a pair (X, V) is 0/ equation type. The form Co = (77, cD) 
Cartan connection of type (L, PGL(2) ©GL(m)) ; where L is a semi-direct product 
o/SL(2) and A, where SL(2) acfo irreducibiy on each copy of"R k+1 . 

Proof. Follows directly from Proposition 15.11 □ 
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